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Formation of exotic states in the s− d exchange and t− J models
V. Yu. Irkhin 1) and Yu. N. Skryabin
M. N. Mikheev Institute of Metal Physics, 620108 Ekaterinburg, Russia
Different scenarios of the implementation of the two-band model in strongly correlated electrons systems,
including frustrated magnets, high-temperature superconductors, and Kondo lattices, are considered. The
interaction of current carriers with magnetic moments in the representations of pseudofermions or Schwinger
bosons describing the spinon excitations is studied on the basis of the derived Hamiltonians of the s − d
exchange and t− J models within the formalism of many-electron Hubbard operators.
1. Introduction
Unusual excitations and exotic states in strongly cor-
related solid states and other condensed media, e.g., dif-
ferent types of spin liquids and states with topological
and quantum orders, are currently under active inves-
tigation [1]. They are usually described within many-
electron models. The simplest of them is the one-band t-
J model, in which strong single-site correlations and the
exchange interaction between localized spins are taken
into account. Though it makes it possible to consider
a series of exotic phases and is successively applied to
physics of cuprates (basic systems for high-temperature
superconductors (HTSCs)) [2, 3], the corresponding ap-
proximations are difficult to control owing to the ab-
sence of a small parameter: the simplicity of a model
often does not provide the convenience of the theoreti-
cal study.
On the other hand, in physics of magnetic semicon-
ductors, heavy fermion systems, and Kondo lattices, as
a rule, one uses the two-band s-d(f) exchange model,
in which subsystems of current carriers and local mag-
netic moments are separated initially; in addition, the
model is convenient because it has a semiclassical small
parameter. The idea of such separation acquires a new
meaning in current field-theoretical approaches, where
the formation of exotic phases and particles with un-
usual statistics is considered. It is assumed that such
states are implemented in insulating and conducting f-
and d-systems (here, in addition to cuprates, frustrated
band magnets of the YMn2 type can be mentioned [4]).
In this work, we show that the usage of the two-band
(in particular, s-d exchange) model as the more general
one makes it possible to clarify a series of moments in
the physical understanding of the state of spin liquid. In
addition, we demonstrate the description of exotic exci-
tations in terms of many-electron Hubbard operators.
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2. Model Hamiltonians
The t-J model, which is the Hubbard model with
the infinite single-site repulsion U → ∞ and allowance
for the Heisenberg exchange, is widely used at the
theoretical consideration of strongly correlated com-
pounds (e.g., copper-oxygen HTSC). Its Hamiltonian in
the many-electron representation of Hubbard operators
X(Γ,Γ′) = |Γ〉〈Γ′| takes the form
H =
∑
ijσ
tijXi(0σ)Xj(σ0)+Hd, Hd =
∑
ij
JijSiSj . (1)
The model (1) describes the interaction of current
carriers with local moments. To demonstrate explic-
itly the separation of these degrees of freedom, we note
its equivalence to the s-d exchange model with the ex-
change parameter I → −∞. In fact, after passing to
the many-electron representation, the Hamiltonian of
the latter is written as [5, 6]
H =
∑
ijσ
tijg
†
iσgjσ +Hd, (2)
g†iσ =
∑
M
C
S−1/2,M+σ
SM ;1/2,σ Xi(S − 1/2,M + σ;SM), (3)
where
C
S−1/2,M+σ
SM ;1/2,σ = (S − 2σM)
1/2/(2S + 1)1/2 (4)
are the Clebsch-Gordan coefficients for the coupling of
spins S and 1/2. It is easy to see that the Hamiltonian
(2) at coincides with (1) with the trivial renormaliza-
tion: tk is replaced in (2) by 2tk (the factor 2 appears
owing to the equivalence of transitions of electrons with
both opposite spins in the Hubbard model).
The standard representation of auxiliary (slave)
bosons introduced by Anderson [2] has the form
Xi(σ, 0) = f
†
iσei (5)
1
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Here, ei are annihilation operators for charged spinless
bosons (holons) and f †iσ are creation operators for neu-
tral fermions (spinns). It is also possible to use the
representation of auxiliary fermions
Xi(σ, 0) = b
†
iσei, (6)
where now ei and are Fermi and b
†
iσ Bose (Schwinger)
operators, respectively. However, we will use directly
the X–operators, introducing spinons only for the local-
ized subsystem.
In turn, the Hamiltonian (2) can be expressed in
terms of Fermi operators and operators of localized
spins. Using the representation of Hubbard operators
in terms of many-electron operators of the creation of
electron configurations A†Γ [5, 6],
X(Γ,Γ′) = A†Γ
∏
σ
(1− nσ)AΓ′ , nσ = c
†
σcσ (7)
and the relation
A†S−1/2,µ =
∑
Mσ
C
S−1/2,µ
SM,1/2σc
†
σA
†
SM , . (8)
it is possible to separate the operators of conduction
electrons on the space of singly occupied states from
X–operators. Identically transforming the product of
Clebsch-Gordan coefficients, we find
g†iσ =
∑
σ′
c†iσ′ (1− ni,−σ′)
Sδσσ′ − (Siσσ′σ)
2S + 1
. (9)
Further, using the properties of Pauli matrices gives
H =
1
(2S + 1)2
∑
ijσσ′
tij{(S
2+SiSj)δσσ′−S(Si+Sj)σσσ′
+ iσσσ′ [Si ×Sj ]}c
†
iσ(1− ni,−σ)(1− nj,−σ′)cjσ′ +Hd.
(10)
Such representation of the Hamiltonian (of course, also
valid in the t-J model) was obtained for the first time in
[5, 6]. Later, it was used in [7] as applied to the phase
diagram of HTSC cuprates as “new formulation of the
t-J model”. a somewhat different interpretation being
given: the arising electron states were called dopons.
The transition to the s-d exchange model with ex-
pand the physical space and at the same time (unlike the
consideration of the t-J model [7]) remove the nonphys-
ical state owing to the condition I → −∞. However,
the generalization to the case of the s-d exchange model
with finite I is also possible:
H =
∑
kσ
tkc
†
kσckσ − I
∑
iαβ
Siσαβc
†
iαciβ +Hd, (11)
which, in particular, describes Kondo lattices.
Terms linear in spin operators in Eq. (10) provide
the possibility of the effective hybridization of electrons
(“dopons” according to Ref.7) with spinons, as well
as in Kondo lattices. Terms containing vector prod-
ucts, though they disappear for simple spin configura-
tions, describe the anisotropic scattering of electrons.
Thereby, the Hamiltonian (10) can be useful in the con-
sideration of states with anomalous “chiral” order pa-
rameters of kinetic phenomena in narrow bands, e.g.,
the anomalous Hall effect (see, e.g., [8]).
3. Case of a single current carrier
In model (11), the expression for the energy of the
electron in the second-order perturbation theory in the
case of the empty conduction band has the form
Σ
(2)
k (E) = Φk(E) = I
2
∑
q
∫
Kq(ω)dω
E − tk+q + ω
(12)
where Kq(ω) is the spin spectral function. To find it,
we consider different spinon representations for localized
spins.
In the self-consistent spin-wave theory, the represen-
tation of Schwinger bosons is used [9]:
Si =
1
2
∑
σσ′
b†iσσσσ′biσ′ (13)
or that of Dyson-Maleev [10]. This makes it possible to
describe the quantum disordered state (spin liquid) and
the magnetically ordered phase with the wave vector
Q, the latter being considered as the boson condensate
(at low temperatures, the state close to the condensate
arises in the regions with the exponentially large corre-
lation length, which is described analogously; i.e., the
“effective” magnetization of the sublattice S¯eff(T ) does
not practically change [11]). After the separation of
condensate contributions (extra factors of 3/2 appear
in them when using the Schwinger bosons, which we
omit), we find
Kq(ω) = S
2
effδ(ω)δqQ + Seff(uq − vq)
2δ(ω + ωq)
+
∑
p
(up−qvp − vp−qup)
2δ(ω + ωp−q + ωp) (14)
The first term in (14) leads to the formation of the an-
tiferromagnetic gap and will be ignored (this is justified
near the band bottom). The second term describes the
interaction with spin waves (it is absent in the quantum
disordered state, since a gap arises in the spectrum of
spinons), and the third term describes the interaction
with the individual spinon excitations.
3In the state of resonating valence bonds, the Hamil-
tonian of the -subsystem is written in the representation
of pseudofermions analogous to (13) as in [3, 12]:
Hd =
∑
kσ
(Bkf
†
kσfkσ +∆kfkσf−k−σ + h.c.}, (15)
with Bk ∼ Jk. The corresponding spectral density is
obtained in the approximation of noninteracting Fermi
spinons and is analogous to the last term in Eq. (14):
Kq(ω) =
∑
k
(uk−qvk−vk−quk)
2δ(ω+Ek−q+Ek) (16)
where the spectrum Ek = (B
2
k + ∆
2
k)
1/2 and the co-
efficients of the Bogoliubov transformation (now Fermi
type) are obtained during the diagonalization of (15).
In the antiferromagnetic and quantum disordered
states and in the resonating valence bond state, the
combination of coefficients of the u − v transformation
in Kq(ω) becomes zero at q → 0.
We consider the structure of the electron spectrum
near the band bottom in the case of a single current
carrier. In the self-consistent approximation, replacing
energy denominators by exact Greens functions, we ob-
tain the integral equation
Φk(E) = I
2
∑
q
∫
Kq(ω)Gk+q(E + ω) dω. (17)
To solve Eq. (17), it is possible to apply the “dominat-
ing pole” approximation [11, 12]:
Gk(E) =
Zk
E − E˜k
+Ginc(k, E), (18)
where Ginc is the incoherent contribution to the Greens
function and
Zk =
(
1−
∂
∂E
ReΣk(E)
)−1
E=E˜k
(19)
is the residue at the pole near the band bottom corre-
sponding to the spectrum of new quasiparticles E˜k.
Substituting Eq. (18) into Eq. (17) and integrating
over q, we obtain the estimate in the two-dimensional
case:
Z−1 − 1 ∼ I2/|Jt|. (20)
Thus, with increasing |I| , the spectral weight transfers
into the incoherent contribution and undamped quasi-
particles become heavy, so that, at I2 ≫ J |t| , the ef-
fective mass is given by m∗/m = Z−1 ≫ 1. In the
three-dimensional case, the divergence is weaker, and
corrections to the residue contain only the logarithmic
factor: Z−1 − 1 ∼ I2S ln |t/JS| [11].
In the case of narrow bands (I → −∞), we consider
the Greens function of many-electron operators
Gkσ(E) = 〈〈gkσ|g
†
kσ〉〉E . (21)
The result of calculations with allowance for spin fluc-
tuations [11] has the form
Gkσ(E) = Ψk(E)/[E −Ψk(E)tk], (22)
Ψk(E) =
S
2S + 1
+
∑
q
tk+q
(2S + 1)2
∫
Kq(ω)Ψ
−1
k+q(E)Gk+q(E + ω) dω.
(23)
As was noted in [12], the effect of the finite width of the
bare band (the first term on the right-hand side of Eq.
(23)) and details of the approximation are not impor-
tant for the quasiparticle pole, though they are essential
for the incoherent contribution. As a result, we find for
two- and three-dimensional cases
Z−1 − 1 ∼
{
|t/JS|, D = 2,
S−1 ln |t/JS|, D = 3.
(24)
Our approach considers physical excitations rather
than auxiliary particles, i.e., holons (bosons or fermions)
as in [12] (where it is also noted that the calculation of
the boson Greens function is not quite physically con-
sistent). Since the results (18) and (20) are determined
by divergences at low momenta, they are also obtained
in the spin-wave picture [11] and in both ways of the
consideration of the quantum disordered state in terms
of bosons and fermions. We will see below that a similar
change of the statistics from the Bose to Fermi one also
occurs in Kondo lattices.
The further development of the theory takes into
account the interaction with the gauge field [3]; appar-
ently, it is not too important in the case of the spin
liquid of the type Z2, but is essential for U(1).
4. Case of the finite band filling
At the partial filling of the conduction band, we
come to the situation of the Kondo lattice. If the Kondo
temperature TK ∼ exp(1/2Iρ(EF )) (where ρ(E) is the
bare density of states) is much higher than the d-d ex-
change J , localized moments are screened by conduction
electrons and the ground state of the heavy Fermi liquid
appears. However, other exotic phases can also appear
in the general case. If the d-d bonds are frustrated, the
d-moments can form the spin liquid, which does not vi-
olate the symmetry of the lattice Hamiltonian [3]. The
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deconfinement state arises at the boundary between the
magnetic phase and the Fermi liquid in the form of the
algebraic spin liquid with the non-Fermi-liquid behav-
ior and the separation of the charge and spin degrees
of freedom [3]. The formation of the exotic disordered
state can be achieved not only by the direct introduc-
tion of frustration into the spin subsystems but also by
doping.
First, we discuss the results of perturbation theory
[13-15]. The calculation of the magnetic susceptibility
with allowance for spin dynamics leads to the result
χ =
S(S + 1)
3T
−
4I2
3T
∑
pq
∫
Kp−q(ω)
np(1− nq)
(tq − tp − ω)2
dω,
(25)
where the second term describes the screening of the
moment and nk are Fermi distribution functions. The
Kondo contribution to the imaginary part of the self-
energy arising in the third-order perturbation theory
has the form
ImΣ
(3)
k (E) = 2piI
3ρ(E)
∫ ∑
q
Kq(ω)
nk+q
E − tk+q − ω
dω
(26)
The usage of the corresponding spectral function makes
it possible to take into account the cutoff of Kondo di-
vergences and to develop the renormalization group the-
ory of Kondo lattices analogously to [13, 14] not only
in magnetic phases but also for states of the spin liq-
uid type with the non-Fermi-liquid behavior. For the
description of the ground state (the strong coupling
regime), it is possible to use the mean field theory in
the representation of pseudofermions [16- 19]. The most
important effect here is the formation of the “large”
Fermi surface, in which pseudofermions hybridizing with
conduction electrons are involved. The condensation of
Bose spinons (Schwinger bosons) means the formation
of magnetism, and the condensation of the Higgs bo-
son (b0 ∼ 〈f
†
iσciσ〉) in the Kondo phase means the for-
mation of the Fermi liquid with a large Fermi surface,
though secondary magnetic ordering is also possible in
this phase [18, 19].
The formation of the spin liquid (an exotic FL∗
Fermi liquid in the terminology of [18, 19]) is the in-
termediate regime: the same as the magnetic ordering,
it suppresses the Kondo effect; therefore, the effective
value is not renormalized to infinity, as takes place in
the case of a single Kondo impurity. The s-electrons are
weakly coupled to the d-spin liquid and form the “small”
Fermi surface, which covers the volume determined only
by the density of s-electrons.
In the case of narrow bands (the t-J model), dop-
ing is responsible for a series of complex effects, in par-
ticular, for the competition of ferro- and antiferromag-
netism leading to the formation of helical or nonuniform
magnetic structures; more exotic (including topological)
states, the formation of the pseudogap are also possible
[3].
The consideration of the spectrum of cuprates re-
veals nodal-antinodal dichotomy [3]: the nature of the
spectrum differs in different regions of the Fermi sur-
face. The spectrum is gapless near the nodal points
(±pi/2,±pi/2) (where the excitations are described as
Dirac fermions) and has a gap near the antinodal point
(0, pi).
In the mean field theory for the t-J model [7], the
electron spectral weight originates from two bands: the
low-energy spinon band and the high-energy electron
band. The spectral weight from the spinon band is
a sharp coherent peak. The broad spectral weight
from the electron band corresponds to the incoherent
background. The strong hybridization mixing between
spinons and electrons described by the Hamiltonian (10)
arises near the nodal point, and mixing is absent near
the antinodal point. The Fermi surface is large or re-
mains small, respectively. In essence, the described pic-
ture is close to the hybridization two-band model of
Kondo lattices, where the separation of the localized
and itinerant states appears.
On the other hand, the representation of Schwinger
bosons was used in [20] to describe the state with a small
Fermi surface (spin liquid of the Z2 type) in the same
model, though no separation of the coherent band anal-
ogous to that considered in Section 3 was performed (the
corresponding perturbation theory in the many-electron
representation was earlier developed in [11, 21]).
The approach of many-electron operators makes it
possible to simultaneously consider both cases and take
into account the change in the statistics of spinons at the
quantum phase transition, introducing different spectral
functions for collective excitations.
5. Concludions
We see that the usage of the two-band model makes
it possible to provide the general physical description of
exotic states of strongly correlated systems.
In the case of the Hubbard model with the finite
Coulomb repulsion, we deal with the problem of the for-
mation of local magnetic moments. The presence of the
“direct” Heisenberg exchange favors their appearance,
so that the physical situation becomes close to the s-
d exchange model (formally, the Coulomb term at one
site can be written in the “exchange” form −Usisi; be-
sides that, the Anderson’s superexchange ∼ (t2ij/U)sisj
occurs at large U). The separation of contributions
5of the coherent (quasiparticle) and incoherent (non-
quasiparticle) states is essential. The latter can be de-
scribed most simply in the ferromagnetic phase, where
they, however, arise only for the down spin projection,
describing bound states of the carrier with the spin up
and magnon [22, 23].
The representation of Schwinger bosons can be intro-
duced not only in the t-J model [20] but also in the an-
tiferromagnetic phase of the spin-fermion model, which
is the modification of the single-band Hubbard model
with finite interaction [24]. Therefore, the exotic Fermi
liquid FL∗ is implemented in the latter model. The spin-
Fermi model [25] used in the interpolation description
of collective magnetism (the analogy of which with the
s-d exchange model is described in [26]) also makes it
possible to separate spin and electron degrees of free-
dom.
The “Kondo” peak on the Fermi level also appears in
approximation of the dynamic mean field theory reduc-
ing the Hubbard model to the effective Anderson model
[27]. It should be noted that, unlike the Hubbard model,
where the Coulomb interaction leads to the destruction
of the Fermi liquid state (the formation of Hubbard sub-
bands with a small Fermi surface), the effect of the s-d
exchange is the opposite: a heavy Fermi liquid and a
large Fermi surface appear with the increase in . The
origin is that these interactions lead to different pairing
types of electrons and spinons, diagonal and off-diagonal
(hybridization).
The change in the statistics of spinons occurs at the
quantum phase transition between two phases of the
confinement: the magnetic phase and the phase with
the large Fermi surface. Such a problem requires fur-
ther studies. Here, supersymmetric representations may
turn out to be useful (see, e.g., [28,29]).
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